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I Geometry Optimisation



validation of structural models from experimental data

Why compute structures?



computation can reveal details that are hard to resolve from experiment alone

Why compute structures?
spatial average

explicit atoms



What is a “structure”?

from a computational perspective: 
structure = minimum on the PES (plus dynamics around this point)



we want to find points where ∇E(r) = 0

How to find minima on the PES?

force = −
dE
dr

dE
dr

= 0



Steepest-descent

iteratively move the system “downhill”

(how far to move? can be slow to converge)

force = −
dE
dr



Newton–Raphson minimisation

Use the local curvature to estimate how far to move

If our potential were exactly harmonic:

E(x) = E(x0) + E′￼(x0)(x − x0) +
1
2

E′￼′￼(x0)(x − x0)2 Taylor expansion to 2nd order

energy at 
any point

current 
position

1st derivative 
at x0

2nd derivative 
at x0

dE(x)
dx

= 0

At the minimum

E′￼(x0) + (x − x0) E′￼′￼(x0) = 0 x = x0 −
E′￼(x0)
E′￼′￼(x0)

∴



Newton–Raphson minimisation

Use the local curvature to estimate how far to move

In practice, we iterate

step 1 step 2



Simple geometry optimisation finds local minima

Where we end up depends on where we start

(use structural models from experiment … or perform structure prediction)



II Phonons



(experimentally → probe using INS)

Atoms vibrate around their equilibrium positions



The harmonic approximation (1D)

E(x) =
1
2

kx2

x

F = ma m
d2x
dt2

= − kx

d2x
dt2

= −
k
m

x

x = sin(ωt) ω =
k
m



The harmonic approximation (3N dimensions)

3N displacement coordinates → ui

E = E0 +
1
2 ∑

ij

Hij ui uj Hij =
∂2E

∂ui ∂uj

“Hessian matrix”

mi
d2 ui

dt2
= − ∑

j

Hij uj
3N coupled 

differential equations

general solutions 
(real part is sinusoidal)ui(t) = ui eiωt

d2 ui

dt2
= − ω2ui eiωt

∑
j

Hij uj = miω2ui

differentiate wrt time (twice)

substitute



The harmonic approximation (3N dimensions)

∑
j

Hij uj = miω2ui

this is an eigenvalue equation

we can find solutions by diagonalising the dynamical matrix

Dij =
Hij

mimj



The harmonic approximation (3N dimensions)

∑
j

Hij uj = miω2ui

this is an eigenvalue equation

we can find solutions by diagonalising the dynamical matrix

Dij =
Hij

mimj

→ eigenvalues are ω2

→ eigenvectors are  (normal modes)ui



But … we need to diagonalise a 3N × 3N matrix!

atoms related by symmetry must have the same physics



But … we need to diagonalise a 3N × 3N matrix!

cells can have different phases, but within each cell the motion is consistent

q = 0

q =
π
2a

q =
π
a



We only need to solve for atoms in the unit cell

q = 0

optical 
branch

q =
π
a

acoustic 
branch

frequency depends on  → phonon band structureq

(see lecture notes)

ω



Band structure → phonon DOS

q = 0 q =
π
a

integrating over  gives the phonon DOS 
(or, obtained from powder INS data)

q

ω ω

DOS



III Molecular Dynamics



What if atomic motion is more complicated?
The harmonic approximation is valid for small displacements 

in approximately harmonic potentials

anharmonic phonons diffusion



Directly simulate atomic trajectories

F = − ∇E(r)

v(t) = v(0) + ∫
t′￼

0
a(t) dt′￼

r(t) = r(0) + ∫
t′￼

0
v(t) dt′￼

these are exact – but we can’t solve them analytically  
 varies with a t

a =
F
m



r(t) = r(0) + v(0) Δt +
1
2

a(0) Δt

Directly simulate atomic trajectories

v(t) = v(0) + a(t) Δt

approximate the trajectory using piecewise numerical integration

assume that  is constant over time  → a 0 t



Simple numerical integration

t t + Δt

r

v

a

2. predict v(t+Δt)

t t + Δt

r

v

a

3. predict r(t+Δt)

t t + Δt

r

v

a

1. calculate a(t)

t t + Δt

r

v

a

2. predict v(t+Δt)

t t + Δt

r

v

a

3. predict r(t+Δt)

t t + Δt

r

v

a

1. calculate a(t)

t t + Δt

r

v

a

2. predict v(t+Δt)

t t + Δt

r

v

a

3. predict r(t+Δt)

t t + Δt

r

v

a

1. calculate a(t)

We assume that  over the full timestepa = a(t)

→ slowly accumlates small errors (energy is not conserved)

(our equations of motion are not time-reversible)



Velocity verlet

velocity update uses the average acceleration 
1
2 [a(t) + a(t + Δt)]

equations of motion are now time-reversible

stable energy fluctuations

t t + Δt

r

v

a

1. calculate a(t)

t t + Δt

r

v

a

2. calculate r(t+Δt)

t t + Δt

r

v

a

3. calculate a(t+Δt)

t t + Δt

r

v

a

4. calculate v(t+Δt)



Sampling different ensembles

NVE

constant energy

NVT

constant 
temperature

heat bath heat bath

NPT

constant 
temperature + 

pressure

pressure 
reservoir



IV Molecular Dynamics - Applications



Direct calculation of ensemble averages

A0 A1 A2 A3 A4 …

⟨A⟩ =
1
N ∑

i

Ai



Direct calculation of ensemble averages

average over configurations

e.g.,  
average 

local  
environment



Pair-distribution functions

g(r) =
V

4πr2N2 ⟨∑
i≠j

δ (r − ri − rj )⟩

normalised histogram of interatomic distances



direct calculation of partial PDFs

Pair-distribution functions

total scattering

molecular 
dynamics



Time-correlation functions

A0 A1 A2 A3 A4 …

Δt Δt Δt Δt

(A0 ⋅ A1) (A1 ⋅ A2) (A2 ⋅ A3) (A3 ⋅ A4)

⟨At ⋅ At+Δt⟩



Velocity auto-correlation functions → phonon DOS

(also via INS)

Δt

Cvv = ⟨vi(t) ⋅ vi(t + Δt)⟩

0

1

g(ω) = ∫
∞

−∞
Cvv eiωt dt

ω

g(ω)

Fourier transform



Other time-dependent properties → D*

(  also via QENS)D*

MSD = ⟨ ri(t + Δt) − r(t)
2⟩

lim
t→∞

d MSD
dt

= 6 D*

Δt

MSD



Resolving diffusion mechanisms

1 2 3

4 5 6

7 8 9

1 → 2 → 5 → 8 → 9

A B

4 → 5 → 6
A B

independent hopping concerted diffusion

(validation of QENS models)



Van-Hove correlation functions
self Van Hove correlation function distinct Van Hove correlation function

Gs(r, t) =
1
N ⟨∑

i

δ (ri(0) − Δri(t))⟩
t = 0 t = 0

Gd(r, t) =
1
N ⟨∑

i≠j

δ (ri(0) − Δrj(t))⟩

ΔtΔt

= PDF
 functionδ

spreads out

moves to the right

new peak at 
r = 0



Van-Hove correlation functions
self Van Hove correlation function distinct Van Hove correlation function

Gs(r, t) =
1
N ⟨∑

i

δ (ri(0) − Δri(t))⟩ Gd(r, t) =
1
N ⟨∑

i≠j

δ (ri(0) − Δrj(t))⟩

S(Q, ω) = ∫ ∫ G(r, t) eiωt dr dt

related to the dynamic structure factor



Structure & Dynamics

structure vibrations diffusion

geometry 
optimisation

phonon 
calculations

molecular 
dynamics



kT

What if we can’t use molecular dynamics?

⟨A⟩ =
1
N ∑

i

Ai
what if we don’t sample the full 

configuration space on a MD timescale?


